Techniques are investigated for obtaining continuously distributed local properties from the positions and velocities of constituent atoms. A localization function is used to calculate the local density, temperature, and velocity from the results of molecular dynamics simulations of shock waves in a two-dimensional model system. The two-dimensional spatial variations of the local properties are found, and the width of the localization function is varied to optimize the presentation. A vector plot of the local velocity shows turbulence behind the shock with a resolution on the order of a nanometer. Contour plots show the mass density and local temperature at a hot spot caused by a collapsed void.
I. INTRODUCTION
The behavior of matter can be described in terms of continuously distributed local properties-such as density, temperature, and velocity-or in terms of the motion of atoms and molecules. Experimental studies are often analyzed at the continuum level, while molecular dynamics simulations give an atomic level description. This paper investigates techniques for relating the continuum and atomic descriptions and applies them to the very inhomogeneous phenomena associated with shock waves.
A pioneering contribution to these techniques was made by Irving and Kirkwood, 1 but their use of Dirac delta functions is not convenient for computer simulations. Hardy extended their work by introducing a finite width localization function, 2 which has been used in an interesting twodimensional presentation of the local properties at a collapsed void. 3 Most calculations of properties show spatial variations only in the direction of shock propagation. Plots of such one-dimensional calculations are informative, but are incapable of showing intrinsically multidimensional phenomena, such as nonplanar shock fronts and turbulence in the reaction zone.
In this paper we calculate the two-dimensional spatial variations of the mass density, temperature, and velocity from the results of molecular dynamics simulations of shock waves in a two-dimensional model system. The resolution of the calculations is controlled by the width of the localization function, which needs to be optimized for the phenomena being studied. A balance must be found between the masking of interesting behavior by the large fluctuations that occur with small widths and the smoothing that results with large widths. Contour plots show the evolution of the estimated temperature in the vicinity of a void collapsed by the passage of a shock wave, revealing a significant localized increase. A vector plot of the local velocity, with a resolution on the order of a nanometer, shows turbulent motion in the reaction zone.
II. DENSITIES AND LOCALIZATION FUNCTIONS
A continuous local mass density (R) and local momentum density p(R) are defined for a collection of atoms at positions r i by
R is the observation point, and m i and v i are the mass and velocity of atom i. Since the atoms are represented by points, the value of any continuously varying property assigned to R must be an average of the properties of the atoms in the vicinity. The localization function ⌬(r i ϪR) defines this average. One approach is to weight equally the contributions of all atoms whose centers, r i , are within a fixed distance of R. A better approach is to let the weighting decrease smoothly to zero as the distance between the atom and the observation point increases. The function ⌬(r i ϪR) can be associated with R and interpreted as defining the region averaged over. Alternately, it can be interpreted as assigning a shape that travels with the atom; the contribution of atom i to a property at R is then proportional to ⌬(r i ϪR).
The following are desired characteristics of localization functions:
͑a͒ ⌬(r i ϪR) has its maximum at r i ϭR. ͑b͒ ⌬(r i ϪR)→0 as ͉r i ϪR͉→ϱ. ͑c͒ ⌬(r i ϪR) is smooth and non-negative. ͑d͒ ͐⌬(r i ϪR)dV R ϭ1. dV R is a volume element in R space. Characteristic ͑d͒ is needed so that the integral of a local property over the entire system equals the value of the property for the entire system. For momentum this means that
͑3͒
The localization function has units of ͑volume͒ Ϫ1 , which for our two-dimensional simulations becomes ͑length͒ Ϫ2 . In addition to ͑a͒ through ͑d͒ it is desirable for ⌬(r) to be isotropic, or an even function, when a product of onedimensional functions is used for computational simplicity. Some choices for the localization function are a Gaussian, 2 a truncated cosine, 4 and a truncated polynomial. The latter is used here. We set ⌬(r)ϭ⌬ 1 (x)⌬ 1 (y), where the onedimensional function ⌬ 1 (x) is Fig. 1 . The parameter w determines the width of the localization and is approximately equal to its full width at half maximum. The local velocity of the system is defined as the momentum density divided by the mass density,
V͑R͒ϭp͑R͒/͑R͒. ͑5͒
The equipartition theorem assigns 
where u i (R)ϭv i ϪV(R). The right-hand side of this is the kinetic energy per degree of freedom obtained by dividing the kinetic energy per unit volume by the number of degrees of freedom per unit volume. The latter quantity is equated to the number of degrees of freedom per atom, f, times the number of atoms per unit volume. For our simulations f ϭ2. It follows from Eqs. ͑1͒, ͑2͒, ͑5͒, and ͑6͒ that
͑7͒

III. SIMULATIONS AND RESULTS
Simulations were performed on a two-dimensional system that starts as a collection of AB diatomic molecules that react exothermically to form AA and BB diatomic molecules. The potential energy of the system is the sum over all atom pairs of a reactive empirical bond order ͑REBO͒ potential, A shock wave traveling in the ϩx direction was initiated by impacting the end of the undisturbed material with a moving flyer plate made of four layers of the same material. The impact occurred at xϭ0 and tϭ0. Periodic boundary conditions were used in the y direction. The undisturbed material formed a two-dimensional solid with the herring-bone structure seen at the right of Fig. 2 . It was thermalized at approximately 0.1 K. Figures 2-5 show the results of different analyses of the same set of atomic positions and velocities. The data are for 3.5 ps after impact by a flyer plate with a velocity of 6.0 km/s, which caused the system to detonate. Periodic boundaries were located at y 0 ϭ0 and y 1 ϭ345 Å. The system including the flyer plate contained 23 296 atoms. Figure 2 shows the positions of the atoms. The open circles and closed circles represent atoms of type A and type B. The black line shows the position of the shock front and was calculated by finding the x coordinate at which the change in the local kinetic energy per atom is greatest for each value of y. Figure 3 shows the average over the width of the system of the x-component of the local velocity,
where Rϭ(X,Y ). , and 4͑c͒, respectively. The maximum temperatures calculated were 24 000, 15 000, and 12 000 K, respectively. Figure 5 shows the difference between the local velocity and the average of its x component,
x is a unit vector in the x direction. The average flow velocity in the x direction was subtracted off because the large x component tends to obscure the transverse component of the motion. The longest arrow in Fig. 5 represents a velocity of approximately 20 Å/ps ͑2 km/s͒. The results were plotted on a course grid of points spaced at 5.0 Å. The localization function width was wϭ10 Å. Figures 6 and 7 show the atomic positions, mass density, and local temperature at 1.5 and 2.5 ps after flyer plate impact in a simulation that initially had a void with a radius of 25 Å. Periodic boundaries were located at y 0 ϭ0 and y 1 ϭ148 Å, and the system contained 7742 atoms. The flyer plate had a velocity of 4.8 km/s. Inspecting the system at later times indicated that a detonation did not occur. The mass density and temperature were calculated on a square grid of points spaced at 0.5 Å. The localization function width was wϭ10 Å.
IV. DISCUSSION AND CONCLUSIONS
The plot of atomic positions in Fig. 2 demonstrates that shock fronts are not straight. The transverse irregularities seen there appear as a widening of the shock front in onedimensional plots of local properties, such as that in Fig. 3 . We find that properties that are in principle continuoussuch as the density, velocity, and temperature defined by Eqs. ͑1͒, ͑5͒, and ͑6͒-should be evaluated on a grid of points with a spacing significantly less than the width of the averaging. Otherwise the plots obtained have a jaggedness that is a computational artifact unrelated to the property illustrated.
The width of the region averaged over is determined by the parameter w in the localization function. The different estimates for local temperature in Fig. 4 , which were obtained from the same data, indicate the problems encountered when choosing w. The temperature estimates were obtained from the kinetic energy of the small number of atoms in the vicinity of the point to which the estimate is assigned. From statistical mechanics it is known that the fluctuations in the kinetic energy per degree of freedom for n atoms in thermal equilibrium at temperature T ͑as measured by the standard deviation͒ are of the order of k B T/ͱn. When w is small the effective value of n is small, so that large fluctuations occur-fluctuations that are unrelated to the passage of a shock wave. This is seen in Fig. 4͑a͒ where wϭ5 Å and the typical number of atoms in a square of area w 2 is nϭ5. When choosing a value for w, a balance must be found between the masking of interesting phenomena by excessive fluctuations and the masking that results from the smoothing associated with large widths. The width w should be varied in calculations of continuum properties and optimized for the phenomena being studied. A good choice for the simulations reported here is wϭ10 Å, as shown in Fig. 4͑b͒ .
It is known from experimental studies that turbulent motion exists behind shock fronts. 7 To the best of our knowledge, Fig. 5 is the first published demonstration that it exists on a nanometer length scale. The general flow in the propagation direction, which is plotted in Fig. 3 , was subtracted from local velocity in Fig. 5 . Both the typical value of V x in Fig. 3 and the greatest magnitude of ⌬V in Fig. 5 are 20 Å/ps ͑2.0 km/s͒. Nevertheless, the shock front was stable and propagated at an essentially constant velocity. Care is needed when interpreting the vector plot in the immediate vicinity of the shock front, since the characteristic length of spatial variations there is of the same order or less than the 10 Å width of the localization function.
The hot spot that results when a void is collapsed by a shock wave is graphically shown in the local temperatures plotted in Figs. 6 and 7. As the wave moved to the right, the atoms at the left of the void, which were unconstrained by other material, moved rapidly across the void, and produced high estimated temperatures after colliding with the material at the right. The maximum temperatures in the hot spot were 12 000 and 16 000 K at 1.5 and 2.5 ps, respectively. Once the shock had passed over the void, the hot spot cooled to the temperature of the surrounding material, which was less than 10 000 K. Apparently this happened rapidly enough that a detonation did not result, which is somewhat surprising, since earlier work had found that the 4.8 km/s flyer plate velocity used was close to ͑but less than͒ the minimum velocity for initiating detonations in the absence of a void in the same material. 6 Our results are similar to those found in continuum simulations at much larger length scales. 8, 9 In summary, we have shown that calculations of continuum properties from atomic data with location functions of the type described are a powerful tool for analyzing very anisotropic phenomena, such as that caused by the passage of a shock wave. It is important to vary the resolution of the calculation by varying the width of the localization function. This method of analysis is currently being extended to include the pressure tensor, energy density, and heat flux, and is being applied to more realistic model systems.
